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CN ■ Abstract 
> 

00 in 

We quantise a Poisson structure on H n+ g , where H is a semidirect product group 
of the form G x 0*. This Poisson structure arises in the combinatorial description 
of the phase space of Chern-Simons theory with gauge group G x q* on R x Sg <n , 
where S g ^ n is a surface of genus g with n punctures. The quantisation of this Poisson 
structure is a key step in the quantisation of Chern-Simons theory with gauge group 
G x q*. We construct the quantum algebra and its irreducible representations and 
Q_i| show that the quantum double D(G) of the group G arises naturally as a symmetry 

of the quantum algebra. 



^ ■ 1 Introduction 



The aim of this paper is the quantisation of a Poisson structure which arises in the 
study of Chern-Simons gauge theory with semidirect product gauge group H = G x q*, 
where G is a Lie group, q* the dual of its Lie algebra q viewed as an abelian group and 
G acts on q* in the co-adjoint representation. Such gauge groups occur in the Chern- 
Simons formulation of (2+l)-dimensional gravity |T], where the gauge group is the three- 
dimensional Poincare group or Euclidean group, depending on the signature of space-time. 
Besides their mathematical interest, Chern-Simons gauge theories with gauge groups of 
this type are therefore of physical relevance. 

The Poisson algebra studied in this article, in the following referred to as flower algebra, 
was first defined by Alekseev, Grosse and Schomerus El H] m the context of an earlier 
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work by Fock and Rosly [5]. Fock and Rosly showed that it is possible to describe 
the Poisson structure of the phase space of Chern-Simons theory, the moduli space of 
flat connections, on an oriented, punctured surface in terms of a graph embedded into 
this surface. By assigning a classical r-matrix for the gauge group to each vertex of 
the graph, they define a Poisson structure on the space of graph connections. After 
Poisson reduction with respect to graph gauge transformations, this Poisson structure 
agrees with the canonical Poisson structure on the moduli space [HI EI- Alekseev, Grosse 
and Schomerus specialised this description to a set of curves representing the generators 
of the surface's fundamental group as a particularly simple graph. They then obtain a 
Poisson structure on the space of holonomies associated to these generating curves, which 
- because this set of curves resembles a flower - we will call the flower algebra. Via Poisson 
reduction with respect to simultaneous conjugation of the holonomies with elements of the 
gauge group, it induces the canonical Poisson structure on the moduli space. Although 
the case of surfaces with a boundary is more involved due to additional degrees of freedom 
arising at the boundary, the flower algebra still remains an important ingredient. 

The relevance of the flower algebra for the phase space of Chern-Simons gauge theory 
makes its quantisation an important task. For the case of compact, semisimple Lie groups 
this has been achieved by Alekseev, Grosse and Schomerus El E] with their formalism 
of combinatorial quantisation of Chern-Simons gauge theories. However, the case of (non- 
compact and non-semisimple) Lie groups of type H = Gt*Q* such as the three-dimensional 
Poincare group arising in (2+l)-dimensional gravity is less well investigated. In addition 
to the need to establish a quantisation procedure, the physical relevance of this case also 
calls for a more explicit description in terms of coordinates with a direct physical meaning. 

In this article we show that this can be achieved for groups of type H = G x g*, where 
G is a finite-dimensional, connected, simply connected and unimodular Lie group. The 
assumptions of simply-connectedness and unimodularity are made for convenience; drop- 
ping them would lead to technical modifications without affecting the essence of our 
results. By extending and adapting the work of Alekseev and Malkin [8 to this case, we 
construct a bijective decoupling transformation which breaks up the Poisson structure of 
the flower algebra into a set of Poisson-commuting building blocks, a copy of the dual 
Poisson-Lie group H* for each puncture and a copy of its Heisenberg double D + (H) for 
each handle. We quantise these building blocks and then define a quantum counterpart of 
the decoupling transformation to construct the quantum algebra for the original Poisson 
structure and its irreducible Hilbert space representations. After investigating the action 
of the quantum symmetries on the representation spaces, we relate them to the quantum 
double D{G) of the group G. 

The article is structured as follows. In Sect. 2 we establish the relevant definitions and 
notations and discuss various Poisson structures associated to groups G x Q* that are 
relevant for our description of the flower algebra. Extending our treatment jU] of the 
universal cover 50(2, 1) x R 3 of the Poincare group in three dimensions, we introduce 



2 



the flower algebra on a genus g surface with n punctures as defined in [2J El H] and give 
an explicit description of its Poisson structure for groups of type = Gkj*. We define 
a bijective decoupling transformation that maps this Poisson structure onto the direct 
sum of n copies of the dual Poisson-Lie group H* and g copies of the Heisenberg double 
D + (H). Finally, we show that elements of the semidirect product group G ix C°°(G) act 
as Poisson isomorphisms on the flower algebra and relate this group action to the action 
of the group H by global conjugation. 

Sect. 3 describes the quantisation of the flower algebra. Starting from the decoupled 
Poisson structure, we construct the quantum algebra and its irreducible representations 
for each of the building blocks. We then define a quantum counterpart of the classical 
decoupling transformation to obtain a quantisation of the original brackets of the flower 
algebra. 

In Sect. 4 we discuss symmetries acting on the quantised flower algebra. We determine 
how the group G x C°°(G) acts on the quantum algebra and how this action can be 
implemented as an action on the representation spaces. We establish the relation between 
this quantum symmetry and the quantum double D{G) of the Lie group G. 

Sect. 5 contains our outlook and conclusions. 
2 The classical Poisson structure 

2.1 Poisson structures associated to G x g* as a Poisson Lie group 

We consider groups H = G k g* which are the semidirect product of a Lie group G and 
the dual g* of its Lie algebra g = LieG, viewed as an abelian group. The group G is 
assumed to be connected, simply connected and unimodular. Following the conventions 
of [Til], we define Ad*(g) to be the algebraic dual of Ad(g), i. e. 

(Ad* (g)j,0 = (j,Ad(g)0 Vj G g*,£ G Q,g G G, (2.1) 

so that the coadjoint action of g G G is given by Ad*(g^ 1 ). Writing elements h G H as 
(u, a), the group multiplication is given by 

(ui, at) ■ (u 2 , a 2 ) = (ui ■ u 2 , a x + Ad*(u^ 1 )a 2 ). (2.2) 

Often we use the parametrisation 

(u, a) = (u, -Ad* (u~ l )j) with u G G, a, j G g*, (2.3) 

which will be interpreted geometrically further below. 

All Lie algebras are considered over R unless stated otherwise, and Einstein summation 
convention is used throughout the paper. Let J a , P a , a = l,...,dimG, denote the 
generators of the Lie algebra f) = Lie if = g © g*, such that the generators J a , a = 
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1, . . . , dim G, generate g = Lie G and P a , a = 1, . . . , dim G, generate g*. The commutator 
is then given by 

[J a , M = f ab c J c [J a ,P b ] = -f ac b P c [P a ,P b } = 0, (2.4) 

where f ab c are the structure constants of g. The Lie algebra f) admits the non-degenerate 
bilinear form 

(J a , J b ) = (P a ,P b ) = (J a ,P b )=5 b a , (2.5) 

which is if-invariant by virtue of (j2.1|) . We may view f) as the classical double of the 
Lie bialgebra g with standard commutator and trivial cocommutator, where the pairing 
between g and g* is given by ()2.5j) . It has a coboundary Lie bialgebra structure with 
commutator (|2.4|) and cocommutator 8 : f) — ► f) ® \) 

S(J a ) = 5(P a ) = f bc a P b ®P c , (2.6) 

which arises from the classical r-matrix 

r = P a ® J a G f) <g> fj. (2.7) 

This Lie bialgebra structure on the space f) = g©g* is the infinitesimal version, the tangent 
Lie bialgebra, of an associated Poisson-Lie structure on the group H . If we denote by 
PI, Pft, J^, J^, a = 1, . . . , dimG, the right- and left-invariant vector fields on H 

P a R f(u, -Ad^u-^j) = ±\ t=0 f -Ad*^- 1 ^) ■ tP a ) = -Ad^u-^j) 
P a L f{u, -Ad^u-^j) = ±\ t=0 f {-tP a ■ (it, -Ad*^- 1 ^)) = Ad*(u) b a ^-(u, -Ad^u-^j) 
J*f{u, -Ad^u-^j) = ±\ t=0 f -Ad*^) ■ e tJ -) 

= J?f(u, -Ad^u-^j) + f ab c -Ad*^ 1 )^ 
Jaffa -Ad^u-^j) = J L a f(u, -Ad\u v )3), (2.8) 
with jf = j a P a , f G C°°(H) and the left-and right-invariant vector fields J^, J^ on G 

J?/ := ^| t=0 /(ne^) J a L / := ±\ t=0 f( e - tJ «u) for / G C°°(G), (2.9) 

this Poisson-Lie structure is given by the Poisson bivector 

Bh = Pl A J^ — Pr A J^. (2.10) 

Similarly, there is a Poisson-Lie group structure associated to the dual f)* of the Lie 
bialgebra I) = g © g*, the dual if* of the Poisson-Lie group H. As a group, it is the direct 
product G x q* with group multiplication ■ (u2,j 2 ) = ( u i u 2,ji + j?)- The global 
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diffeomorphism H* — > H, (u,j) *—>■ (it, — Ad*(u JT] allows us to describe its Poisson 
structure in terms of the following Poisson bivector on H 

Bh* = \ (P a L A J L a + P a R A jf) +P a R A J L a . (2.11) 

A more explicit formula in terms of the parametrisation ()2.3|) is given in Sect. 12.31 (|2.27|) . 
The symplectic leaves of this Poisson structure are the conjugacy classes in H [T2*l IT3] . 
As they play an important role in the quantisation of the flower algebra, we need to 
introduce some additional notation that will allow us to take a more geometric viewpoint 
and relate them to the conjugacy classes in the group G. For an element u G G let 
N u = {n G Glnun^ 1 = u} denote its stabiliser group with Lie algebra n u and dimension 
v u . Pick a basis { J a }, a — 1, . . . , v u of n„ and complete it to a basis {J a }, a — 1, ... , dimG, 
of q. If we denote the dual basis of g* by {P a }, a = 1, . . . , dimG, as above and define 
n* = Span(Pi, . . . , P Vu ), we have the decomposition 

g* = Im(l - Ad*(tz)) © < for each u E G. (2.12) 

This decomposition gives rise to a convenient parametrisation of the conjugacy classes 
in the group H that clarifies their relation to the conjugacy classes in G. From a fixed 
element (g, — Ad*((7 _1 )s) G H other elements (u, — Ad*(w _1 )j) in the same conjugacy class 
in H are obtained by conjugation with (v, x) G H and explicitly given by 

u = vgv' 1 (2.13) 
j = Ad*{v- 1 )s+ (1 - Ad*(u))a:. 

Equations ()2.12jh (|2.13j) allow us to characterise a conjugacy class in H by picking a 
group element g^ G G and an element s G n*^ in the dual Lie algebra of its stabiliser. 
After choosing g^ G G, the remaining arbitrariness in the choice of s is parametrised 
by elements n G N 9)M . Under their action s sweeps out a co-adjoint orbit O s in n* . 
Conjugacy classes C^ s in H are therefore uniquely characterised by G-conjugacy classes 
C M = {v g^v _1 | v G G} and co-adjoint orbits O s in n*^. With respect to fixed G G and 
s G n* , they are given as the image of the map 

conj MS :tf -> C, s (2.14) 
(v,x) ^ (u,j) = (v,x)(g ll ,-s)(v,xy 1 . 

In geometric terms, this amounts to the following. The identification T*C^ = Im(l — 
Ad* (it)) allows us to write the if-conjugacy classes C^ s locally as the product of the 
cotangent bundle T*C M and O s . With the projection n u : g* i-> 0*/n* ~ Im(l — Ad* (it)) 
we then have the bundle 

C^ s -> T*C^ (2.15) 
(u, -Ad^u- 1 ^) ^ M-Ad^OKC/)) 

with typical fibre 
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The third Poisson structure associated to the Lie bialgebra f) that we will be relevant in 
this article is the so-called Heisenberg double D + (H) of the Poisson-Lie group H. It is the 
Poisson structure on the direct product H x H defined by the following Poisson bivector 

B D+[H) =\ (j% A J* + P a Ll A + P« 2 A + P a L2 A Jf-) (2.16) 

where Pi , P£. , 1 , J^* denote the left-and right-invariant vector fields on the two copies 
of H . In |T31 ITi] it was shown that this Poisson structure is symplectic; however, it is 
not a Poisson-Lie structure. We derive an explicit formula for this Poisson structure in 
Sect. I2.3K|2.28|) and show that in suitable coordinates it is the canonical Poisson structure 
of the cotangent bundle T*(G x G). 

2.2 The flower algebra 

After introducing the relevant concepts and definitions, we are now ready to discuss the 
flower algebra for semidirect product gauge groups G x q* on a genus g surface S g<n with 
n punctures. 

The phase space of Chern-Simons theory on the surface Sg <n (with any gauge group) is 
the moduli space of flat connections. It can be described in terms of a graph embedded 
into the surface The moduli space as a manifold with singularities is then obtained as 
the quotient of the space of flat graph connections modulo graph gauge transformations. 
However, as the canonical Poisson structure of the underlying Chern-Simons gauge theory 
does in general not induce a Poisson structure on the space of graph connections, this 
description can a priori not provide a description of the canonical Poisson structure on the 
moduli space. As explained in the introduction, Fock and Rosly |3] succeeded in defining 
a (non-canonical) Poisson structure on the space of graph connections that induces the 
canonical Poisson structure on the moduli space. Alekseev, Grosse and Schomerus |2J 
EJ E] specialised this description to the simplest graph that can be used to describe the 
underlying surface: a set of curves representing the generators of its fundamental group. 
The space of graph connections is then simply the set of holonomies along these curves, 
and graph gauge transformations act on the holonomies via simultaneous conjugation. 
The resulting Poisson structure on the space of holonomies is the flower algebra. 

The case of surfaces with boundary is more involved, as gauge transformations that are 
nontrivial at the boundary acquire a physical meaning and are no longer divided out of 
the phase space. Depending on the boundary conditions imposed, there are additional 
degrees of freedom associated to the boundary which enter into the phase space. The 
Poisson structure then contains a contribution of these boundary degrees of freedom as 
well as a bulk term representing the internal degrees of freedom, subject to constraints 
relating the two contributions. 

We can now define the flower algebra, summarising the results and definitions of [21 El II]- 
The first ingredient is a set of generators for the fundamental group of the underlying Rie- 
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mann surface. The fundamental group Tti(S gtn ) of a genus g surface S gyU with n punctures 
is generated by the equivalence classes of a loop mi, i = 1, . . . ,n, around each puncture 
and two curves aj, bj, j = 1, . . . , g for each handle, see Fig. 1. 




Fig. 1 

The generators of the fundamental group of the surface S g _ n \D with a disc removed (shaded) 
For the surface S gjTl , these generators are subject to a single, defining relation 

koo = [b g , Og 1 } •...•[&!, a^ 1 ] • m n ■ . . . ■ mi = 1, ( 2 -17) 

with group commutator ] = b i a~ 1 b~ 1 cii. If we remove a disc D from the surface, thus 

obtaining the surface S g>n \D with connected boundary shown in Fig. 1, the fundamental 
group 7ii(Sg tn \ D) is freely generated by the n + 2g curves rrii, % = 1, . . . , n and aj, bj, 
j = 1, . . . , g. Whereas the holonomies of the curves for each handle are general elements 
of the gauge group H, the holonomies corresponding to the punctures are restricted to 
fixed iJ-conjugacy classes C^ iSi C H. Therefore, the space A g , n of graph connections, or 
holonomies, is given by 

Ag, n = {(Mi, . . . , M n , A u B u ..., A g , B g ) e C„ 1S1 x ... x C^ nSn x H 2g | (2.18) 

[Bg,A- g l ] [Bi, A^\ ■ M n ■ . . . ■ M x = 1 }. 

The moduli space M. g>n of flat if -connections on a closed surface S g , n is obtained from 
this space by dividing out simultaneous conjugation of all holonomies by the group H 

M g , n = A g J~ , (2.19) 

where ~ denotes simultaneous conjugation by an element of the group H. Following the 
work of Alekseev, Grosse and Schomerus (21 El H] , we then have the following definition 
of the flower algebra (see Theorem 2 in jlj). 
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Definition 2.1 (Flower algebra) 

The flower algebra for gauge group H on a genus g surface S 9jn with n punctures is the 
Poisson algebra C°°(H n+29 ) defined by the following Poisson bivector 

B FR = J2 ^ A Rf + ~Lf A Lf + i?f A Lf\ (2.20) 

9 (\ 

+ E ^ o ( R ° A R t + L « A L f + R « A R f + L » A L ?) 
i=i ^ 2 

+ A {Rf + Lf + Lf) + i# A (L* + ) + A Lf^j 

l<i<j<n 
l<i<J<<? 

+ E E + ^) A (J# + 2# + Rf + ) , 

i=i j=i 

where elements of H n+2g are denoted by (Mi, . . . , M n , Ax, L?i, . . . , A g , B g ). The coefficients 
r a(i are £f ie com p 0nen t s f a classical r-matrix r E f) ® f) /or Lf u>zi/i respect to a given 
basis Z a , a = 1, . . . , dimH of f) and L\, R\, X = Mi, . . . , M n , A 1: Si, ... , L> 9 i/ie 
right-and left invariant vector fields corresponding to this basis. 

As our notation suggests, the elements of H n+2a should be thought of as holonomies 
around the curves depicted in Fig. 1. Note, however, that we neither impose the condition 
12.171 nor restrict the holonomies around the punctures in the definition of the flower 
algebra. 

With an expression for the classical r-matrix and the right-and left invariant vector fields 
on the different copies of H , formula ()2.20|) determines the Poisson brackets of two func- 
tions in C OQ (H n+29 ). However, in the case of groups of type H = G x g*, there is an 
advantage in working with a slightly different definition of the flower algebra. We ex- 
pand the vector j in (|2.3|) as j = jbP b , and denote by the same symbol the maps 
j a € C°°(H) : (u, — Ad*(u _1 ),7') i— > j a . Instead of C°°(H) we then consider the algebra 
generated by the functions in C°°(G) together with these maps j a . By inserting the r- 
matrix ()2.7|) into ()2.20|) together with the expressions ()2.8j) for the left- and right invariant 
vector fields, we obtain the Poisson brackets of these generating functions j a and functions 
F G C QC (G n+29 ), resulting in the following alternative definition of the flower algebra. 

Definition 2.2 (Flower algebra for groups G k q*) 

The flower algebra T for gauge group H = G x g* on a genus g surface S g ^ n with n 
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punctures is the commutative Poisson algebra 



/n+2g \ 

:F = S 00 ) ®C°°(G n+29 ), (2.21) 

where S (Q^i 9 S>) is the symmetric envelope of the real Lie algebra Q, i.e. the 

polynomials with real coefficients on the vector space ®"=± 9 Q* ■ In terms of a fixed basis 
& = {ja 1 ' : > 3a '■> 3a k ) i—i,- ■ ■ , n , k—1,. . . ,g, a=l,. . . ,dim G}, its Poisson structure is given 
by 

Of®U*®l} = -/«6 C if®l 

{3a ® 1, 3% ® 1} = ~f db c 3c ® - Ad*(« x ) a d ) VX, V e {Mi, ... , 5J, X < Y 

{ja* ® 1, J'f ® 1} = -J o6 C J'f ® 1 Vi = 1, • • • ,0 



{j* ® 1, 1 ® F} = -1 <8 (jf* + rf'V - 1 ® (5 a 6 - Ad> M J 6 ) ( £ (J^ + 4 Y )F) 

\Y>Mi J 

{j^ ® 1, 1 (g) F} = -1 <g> (J?* + Ja Ai )F - 1 <g> (J? B < + jf B <)F - 1 ® ^{u- B )u Ai ) a b jf Bi 

1 ® (5 a & - Ad*(^) a b ) ( £ (J** + J b L -)F ) 



{jf ® 1, 1 ® F} = -1 ® jfV - 1 ® (J?** + J L a Bl )F 
- 1 ® (5 a 6 - Ad> Bi ) a 6 ) 



E ( Jf Y + J b Y )F J , (2.22) 



where F G C°°(G" +29 ) ; Mi < . . . < M n < A 1} B l < . . . < A g , B g and j£* , J** denote 
the right- and left invariant vector fields (|2.9|) on the different copies of G. 



2.3 The decoupling transformation 

We will now show how the flower algebra for groups of type H = Gxjj* can be broken down 
into a set of Poisson commuting building blocks. In doing this, we follow closely the work 
of Alekseev and Malkin |H] who treated the case of compact, semisimple Lie groups H. 
They give a bijective transformation that maps the Poisson structure on the moduli space 
M. n ,g to the direct sum of n symplectic forms on i?-conjugacy classes and g copies of the 
Heisenberg double D + (H). While, in general, this transformation is quite complicated, 
which makes it difficult to obtain an explicit expression in terms of coordinates, the picture 
is a lot simpler in the case H = G x q*. Not only can the transformation of Alekseev 
and Malkin be generalised to this setting, but it is then possible to obtain an explicit 
expression in terms of the generators defined in Def. 12.21 This allows us to verify the 
asserted properties of this transformation by direct calculation. 
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Definition 2.3 (Decoupling transformation) 

The decoupling transformation is the bijective transformation K : T ' — > T 

K: \®F^\®F, ®\^3a'\ j^^l^j? (2.23) 



for F G C 0O (G n+29 ), % = 1, . . . , n and j = 1, . . . , g. The transformed generators are given 
by 

3a l = j* - (<C ~ Ad*(u Mi ) a b ) l E Ad'^-tt^);.^ (2.24) 

^ k=i+l 

9 c \ 

+ E M * { Ul <k-x ■ ■ ■ U Ki ■ U Mn • ■ ■ U hh+1 ) b C ■ jf k J 

k=l ' 

$ = 3t + Ad*«) Q fe (j^ - 1 ) + (AcTKO - M*(u Bi u- A % b ( £ Ad*^ • • -^ i+1 ) 6 c j 

^ k=i+l 

* + Ad*(u£) a b (j* - ) + (Ad*(u Bi ) - Ad*( MBi <)) a 6 ( £ Ad *K^ • • - u ^) b C j 



■ B 

3a 1 =3 



where we write for andFforl®F. The expressions Ad* (ux) a '■ (um 1 , ■ ■ ■ , u B g ) l_ 

Ad*(ux) a b for X G {Mi, . . . , B g } are to be interpreted as functions in C°°(G n+29 ) , and we 
set 

u Ki := u Bi u^.u B ]u Ai (2.25) 
3? ■= (S a b ~ Ad*(u- A y B \ A X b )3t l + {Ad*(u- A y B \ Ai ) - kd\u B ]u A% )) a b j^. 



The inverse of K is given by 
3? = 3 



Mi -^ + (S a b -Ad*(u Mi ) a b )[ E^M ( 2 - 26 ) 



K k=i+1 



+ (5 a b - Ad*(u Mi ) a b ) E (V - Ad*«) 6 c ) 3c' k + (Ad*(^) - Ad*(^ 1 ^)) i 

\fc=i 



3? = 3? ~ M*(u A X(3V ~ 3T) 

+ (5 a b - Ad*(u A J a b ) ( E fo* - Ad*«) 6 c ) jf k + (Ad*«) - Ad*(u B lu Ak )) 

\k=i+l 



+ (5 a b - Ad*(u Bi ) a b ) [ E K c - Ad*(^) 6 c ) j5 + (Ad*(^) - Ad\u B \u Ak )) b C 3c' k 

\k=i+l 



With this definition, we can calculate the transformed bracket and verify that the trans- 
formation does indeed decouple the mixed contributions in (J2.22|) into Poisson-commuting 
building blocks. 
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Theorem 2.4 The decoupling transformation K maps the Poisson structure (I2.22|) to the 

direct sum ofn Poisson structures on the dual H* and g copies of the symplectic structure 
of the Heisenberg double D + (H): 









(& 


,1®F} 


= -1 ® (jf* 


r -K 

iJa' 


V) = 


4' 

£ P c ' i 

~°ijJab Jc 


r - B 'i 

IJa' 


J?} = 


~3ijfab 3 c ' 


{ja 


B' 
V) = 


~Sijfab C Jc ' 


{ja' 




= -1® jf A <F 


{Ja' 




= -1® J>F 


05 


4' 


O5,^} = o 



+ Ja M ')F Vi,j = l,...,n 



(2.27) 



(2.28) 



L®(l + Ad> B > A J) a & jf fl *F 

Vi,j = _.,...,</ 
Vi = l,...,n, j = l,...,<?. (2.29) 

_____ A_T' _4/ 5' 

Proof: The Poisson brackets ()2.27|) . ()2.28|) of the transformed generators j a i ,ja i ,ja i 
can be calculated directly from the Poisson brackets ()2.22|) of the flower algebra. We 
then insert the expressions (|2.8J1 for the vector fields on H in the Poisson bivectors (j2.11|) 
and (|2.16|) of the dual H* and the Heisenberg double D + (H) and apply them to the 
functions j a G C°°(H) : (u, — Ad*( , u~ 1 )j) i— > j a to verify that the result does agree with 
the decoupled brackets (I2~2"TJ) and □ 

Note that K may also be viewed as the pullback of a map H n+2g — > H n+2a which is the 
identity on G n+2g and leaves each of the conjugacy classes C fliSi invariant. From (|2.24j) 
we see that this map adds to j M . respectively j M , an element of ® C 0C (G n+2ff ) 

preceded by a factor (1 — Ad* (umJ)- It follows from (J2.13)) that such transformations 
map a given conjugacy class into itself. 

The transformation K simplifies the Poisson structure of the flower algebra considerably 
by decoupling the contributions of different punctures and handles. However, it is still 
possible to simplify the resulting Poisson structure further by breaking up the Heisenberg 
double Poisson structure (J2.28|) associated to each handle. With the transformation L : 

(u Ai ,u Bi ) i-> (w lji ,w 2t i) = (uAnUzluAi) (2.30) 
Ua^3b{) ^ k 2 ,i) = (j A ,. - 3b^3b[) i = l,...,g 

3 m' l— *■ 3 mi i = 1, . . . ,n, 
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we map each Heisenberg double into the cotangent bundle symplectic structure T*(GxG): 

{^''i K' } = ~fab C {^a 1 1 } = ~fab ° ^c'* {^l,i> ^2,i} = (2-31) 

{kl' i ,F}(w hh w 2 ,i) = -^\t=oF(w hi e tJa , w 2 ,i) 

{k 2 /,F}(w l!i ,W2,i) = - — \ t =oF(w lti , e- tJa w 2 ,i). 

Combining the decoupling transformation K with the pull-back L* and using the notation 
(j2.14j) then yields the following theorem 

Theorem 2.5 The bijective map L* o K : T — > T maps the Poisson structure (|2.22|) of 
the flower algebra to the direct sum of n copies of the dual Poisson-Lie group H* and 
2g copies of the cotangent bundle Poisson structure T*G. The symplectic leaves of the 
Poisson manifold [H*) n x (T*G) 2g are of the form C WS1 x . . . x C flnSn x H 2g and the 
pull-back of the symplectic structure on each leaf via the map 

conj^ x ... x con^ nSn x %&> : H n+2 ° -> C, lSl x . . . x C, nSn x H 2 * (2.32) 

is the exterior derivative of the symplectic potential 

n g 

6 = - J2< dv MM , 3a l P a ) + T,( w U dw ^ ' ^' Pa ) - ( dw ^2,l , k 2 /P a ). (2.33) 
1=1 1=1 

Proof: The expression for the pull-back of the symplectic potential on the symplectic 
leaves of H* was derived for the case G = SO(2, 1) in 9J, but the derivation is valid for 
any Lie group G. The expression for the symplectic potential on T*(G x G) is standard 
and uses the identification of T*G with G x q*. The identification can be made using 
either the left- or the right-multiplication of G; our definition of k]^ 1 and k 2,t is such that 
we use right-multiplication for one copy and left-multiplication for the other copy of G in 
T*(G x G). The reasons for this choice are related to the natural action of the quantum 
double of G in the quantum theory, and will become clear in Sect. 14.21 □ 

This theorem provides us with an interpretation of the map L* o K. In the decoupled 
coordinates j M >,UM',k ai and w ai the symplectic structure on symplectic leaves has the 
canonical form (|2.33j) . We shall see in Sect. 3 that the Poisson structure expressed in 
terms of the decoupled coordinates is amenable to a rather straightforward quantisation 
procedure. The map L* o K thus establishes a link between two important sets of coor- 
dinates, the holonomy coordinates with a direct gauge-theoretical interpretation and the 
decoupled coordinates which are convenient for quantisation. 

2.4 Symmetries 

As the flower algebra for the group H = G X q* is closely related to the phase space of 
Chern-Simons gauge theory with gauge group H, the moduli space of flat if-connections, 
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it is to be expected that at least some of the invariance transformations of the underlying 
Chern-Simons theory give rise to symmetries of the flower algebra. We identify two such 
groups of symmetries of the flower algebra and show how they are related to the invariance 
transformations of the underlying Chern-Simons gauge theory. 

As a topological field theory, Chern-Simons theory on a surface S g ^ n is invariant under 
diffeomorphisms of this surface, in particular, under large diffeomorphisms, which form 
the mapping class group Map(S , 9jn ). In P it was shown for the case H = SO (2, 1) x M 3 
that the mapping class group Map(S' 9ir) \D) of the surface with a disc removed acts on the 
flower algebra as Poisson isomorphisms. The proof can be extended to general H, but 
we will not give it here. Instead we defer a full discussion of the mapping class group in 
classical and in particular quantised Chern-Simons theories with gauge groups G x g* to 
a separate paper [T3] . 

The second type of symmetry acting on the flower algebra is related to the other class of 
invariance transformations in Chern-Simons theory, Chern-Simons gauge transformations. 
In the description of Chern-Simons gauge theory by means of a set of curves representing 
the generators of the fundamental group, Chern-Simons gauge transformations that are 
nontrivial at the basepoint act on the associated holonomies by global conjugation with 
an element of H. Via the identification of the holonomies with the different copies of H in 
definitions Def. 12.11 Def. 12.21 this action on the holonomies induces transformations of the 
flower algebra. However, these transformations are in general not Poisson isomorphisms 
unless we take into account the nontrivial Poisson structure (I2.1(J|) of the group H. For 
semisimple H, it was shown in [S] that, interpreted as maps H x H n+2g — > H n+29 , they are 
Poisson isomorphisms with respect to the flower algebra Poisson structure on H n+2g and 
the Poisson structure on H x H n+2g that is the direct product of the Poisson structure 
(|2.1(J|) on H and the flower algebra Poisson structure on H n+2a '. However, we will see that 
there is a much larger group of Poisson symmetries of the flower algebra that generalises 
the conjugation with elements of the group H . In particular, for the case where the 
exponential map exp : g — > G is bijective, these Poisson symmetries give rise to a Poisson 
action of H on the flower algebra that can be interpreted as a deformed conjugation. 

Theorem 2.6 (Action of G x C°°(G)) 

1. Consider the group G x C°°(G) with multiplication law 

(h 1 Jx)-(h 2 J 2 ) = (h 1 h 2 J 1 + f 2 oAd h -i) \/h u h 2 eG, h,f 2 eC°°{G). (2.34) 

It acts on the flower algebra via 

{h, f) : j? ® 1 i * j? ® Ad*(h) a b + 1 ® {Ad*(h) a b {j* ® 1, 1 ® / o ^ (2.35) 
1®F ^ 1 ® F o Ad n h ^ 9 , 

where Ad^ +2fl : . . . , ub b ) i— > (/im^/i -1 , . . . , huB g h~ l ) denotes the global con- 

jugation by h G G , { , } the Poisson bracket (J2.22|) on the flower algebra and 
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$oo : G n+2a — > G is the map 

$oo(«Mi, • • • , u Bg ) = u tot = u Kg • • • u Kl ■ u Mn ■ ■ ■ u Ml (2.36) 

with given by (I2.25J) . 

2. This action is a Poisson action. The infinitesimal generators of the action of G G 
G x C°°(G) are the elements 

3T = E if ® Ad^M^ • • -umX" + E 1 ® Ad *(^-a ■ • ■ • ^ (2-37) 

i=i i=i 

= + E 1 ® (*« 6 " Ad *«)a & ) • / fc + 1 ® ( Ad *«) - Ad> Bfc Vj) a » • 

i=l k=l 

with given by (|2.25|) . and the action of C°°(G) C G x C°°(G) generated by 
functions 1 ® (/ o $oo), / G C°°(G'). VFe /iai>e /or a// elements <p G 

||t=o(e-^ , 0)foO = OT. ^} |l*=o(l , "* " /)(*>) = {1 ® (/ o $00) , (2.38) 

Proof: That ()2.35|) defines a group action of G x C°°(G) on the flower algebra with 
infinitesimal generators ()2.38|) can be shown by direct computation using the Poisson 
brackets (|2.22|) or, alternatively, (|2.27|) . (|2.28|) of the flower algebra. That it is a Poisson 
action follows from the fact that it is infinitesimally generated via the Poisson brackets 
[TU] . but can also be verified directly from ()2.35|) and the Poisson bracket of the flower 
algebra. □ 

Note that the map : . . . ,us g ) u to t as well as the algebra elements j* ot occurring 
in Theorem EH] have a geometric meaning j^j. If we parametrise the holonomies Mi, . . . , B g 
associated to the generators m l5 . . . , b g of iri(S gtn ) according to (|2.3|) 

K> -Ad*(u x l )j x ) = (u x , -Ad* (u x l )jXp a ) VX G {Mi, . . . , B g } (2.39) 

and identify the parameters with generators <8> 1, then the holonomy associated to 
the curve defined in (j2.17j) is Hol(/coo) = (u tot , - Ad* (ut ])j tot ) with u to t and j' tot given 
by (ginni) and (15371) . 

We will now relate this action of the group G x C°°(G) on the flower algebra to the trans- 
formations induced by simultaneous conjugation of the holonomies with a fixed element 
of G x g*. From the group multiplication law (|2.2j) . it follows that (h, x) G G x g* acts on 
elements of the flower algebra by conjugation with the inverse (/i -1 , — Ad*(h)x) according 
to 

1®F 1 — > l®(FoAd^ 29 ) (2.40) 

if ® 1 >-> <g> Ad*(/i) a b - 1 <g> (Ad*(/i) - Ad*(M X /i)) 6 ^- 
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This action is not a Poisson action. On the other hand, we can use (I2.22|) together with 
the definition of the map $oo to evaluate the bracket {j x , / 0$^} in the definition (|2.35jl 
of the G x C°°(G)-action on the flower algebra and obtain the Poisson action 

(hJ):l®F ^ l®(FoAd™+ 25 ) (2.41) 
j x ® 1 » j* ® Ad*(h) a b - 1 ® ((Ad*(h) - Ad* (u x h)) a b (J b L f) o $00). 

Comparing expressions (|2.40|) and (j2.41|) . we see that the action of GxC°°(G) on the flower 
algebra can be interpreted as a generalised conjugation: the action of G C G x C°°(G) 
agrees with the action of G via global conjugation, whereas the action of C°°(G) C G x 
C°°(G) mimics global conjugation with g*, only that now the transformation vector x G g* 
is replaced by a function of the group element u tot . 

If the exponential map exp : g — ► G is bijective, group elements u G G can be parametrised 
as u = exp(p a J a ) and the relation between the action of G x C°°(G) and the action of 
the group G x g* by global conjugation becomes more explicit. Denoting the inverse of 
exp : g — ► G by log : G — > g, we can define an embedding t : g* — > C°°(Cr) via 

L(q)(u) = (q, \og(u)) \Jq G g*, u G G, (2.42) 

where (, ) denotes the pairing (|2.5|) . In particular, we have the coordinate functions 
t(P a ) : m = exp(p b J b ) 1— > p a . Then, the group multiplication ()2.34|) restricted to G x t(g*) 
becomes simply the group multiplication of H, and we obtain the following lemma 

Lemma 2.7 If the exponential map exp : g — >• G is bijective, there is a Poisson action of 
the group G x g* on the flower algebra given by 

{h, q) : 1 ® F ^ 1 ® (F o Ad^) (2.43) 

J'f ® 1 ~ J'f ® Ad*(/i) a 6 - 1 ® (Ad*(/i) - Ad*(u x h)) a b x b . 

where q b = T b c {u tot ) x c and 

1 - Ad* jutot) ( 

™ = rfss (2 - 44 > 

zs a linear map depending on the total holonomy utot- 

Proof: Apply the formula (j2.41j) for the Poisson action of G x C°°(G) to the function 
/ = t(q). The lemma then follows from the formula (J b L t(q)) o $oo = (T _1 ) fe c (u tot ) q c , 
which can be found, for example, in p. 179. □ 

3 Quantisation 

By Theorem 12.51 we have reduced the task of quantising the flower algebra to the quan- 
tisation of the symplectic structure on the cotangent bundle T*G of the group G and the 
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dual Poisson structure H*. Both of these Poisson structures are relatively simple and 
special cases of the following general situation. We have a commutative Poisson algebra 
given as a tensor product 

Q = S(t)®C°°(E), (3.1) 

where E is a finite dimensional, simply connected Lie group with Lie algebra e = Lie E and 
S(t) denotes the symmetric envelope of e. The Poisson structure is that of a semidirect 
product: Poisson brackets of two elements of S(t) are given by the derivative extension 
of the Lie bracket on e, Poisson brackets of two functions in C°°(E) vanish and Poisson 
brackets of elements of S(t) with functions in C°°(E) are derived from a group action . of 
E on itself 

{f®l,7?®l} = [e,»7] e <8>l {l®F,l®if} = (3.2) 

{^®l,l®F}(d) = ^|i=oF(e-* £ .u) V£,r/ee, u e E, F,^gC°°(£). 

In the case of the cotangent bundle T*G, we have E = G and the group action is the 
inverse left multiplication or, alternatively, right multiplication by G. For the dual Poisson 
structure H*, it is conjugation with G. We proceed now to discuss the quantisation of a 
general Poisson algebra Q = S(t) ®C°°(E) of this type and then apply the results to the 
cotangent bundle T*G, the dual H* and the decoupled flower algebra in Sect. 13.21 

3.1 Quantisation of Poisson algebras Q = S(t) ® C°°(E) 

Let Q = S(e) ® C°°(E) be a Poisson algebra with a semidirect product Poisson structure 
arising from an action . of the simply connected Lie group E on itself as in ()3.2|) . The 
Poisson algebra Q inherits a N-grading from the canonical N-grading of the symmetric 
envelope 

oo 

Q = Q« = 5 (fc) (e) ® C°°(E), (3.3) 

fc=0 

where S^ k '(c) is the space of polynomials of degree A; in a basis B e = {£i, . . . , ^dim^} with 
real coefficients. The multiplication of homogeneous elements adds their degrees, whereas 
the Poisson bracket ()3.2|) adds their degrees and subtracts one 

Q {k) ■ Q {1) C Q {k+l) {Q {k \ Q {1) } C Q( k+l ~ l \ (3.4) 

In quantisation, the commutative Poisson algebra Q is to be replaced by an associative 
*-algebra Q, which depends on a deformation parameter h and has to exhibit certain 
structural properties relating it to the classical algebra Q. Every element of the quantum 
algebra Q must correspond to a unique element in the complexified classical algebra Qc 
and conversely, it must be possible to assign to every element of the complexified classical 
algebra a quantum counterpart in Q. This is equivalent to the existence of a vector 
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space isomorphism Q : Qc — > Q. In order to obtain an algebra Q that merits the name 
quantisation, we must furthermore request that the product of two of its elements is given 
as the quantum counterpart of the product of the corresponding classical elements plus 
a quantum correction of order 0(h), and that their commutator is equal to ih times the 
quantum counterpart of the Poisson bracket of the corresponding classical elements plus 
a quantum correction of order 0(h 2 ): 

Q{W) ■ Q(Z) = Q{W ■ Z) + 0(h) (3.5) 
[Q(W),Q(Z)]=ihQ({W,Z})+0(h 2 ) \JW,ZeQ. (3.6) 

In general, the quantum corrections in ()3.6|) cannot be eliminated for all elements W, Z G 
Q. (For the case of the Heisenberg algebra, this is a consequence of the no-go theorem by 
Groenewold and van Hove [T7J [TBI Q23-) But there should be a Poisson subalgebra of the 
classical algebra Q containing the generating elements £1 ® 1, . . . ,£dim£: ® 1 and 1 ® F, 
for which this is possible. 

As our Poisson algebra Q is of a particularly simple type and related to the symmetric 
envelope of a Lie algebra e, a framework for the construction of the quantum algebra 
is provided by the theory of universal enveloping algebras and the theorem of Poincare- 
Birkhoff-Witt (201 • We obtain the following theorem defining a quantum algebra with the 
requested properties 

Theorem 3.1 (Construction of the quantum algebra Q) 

Let Q be the associative algebra Q = U(t)<zC 00 (E 1 C) with a semidirect multiplication 
defined by 

(f ® F) ■ (rj ® K) = £ -u V ® FK + ih 7] ® F {£ ® 1, 1 ® K} Vf , ij e e, F, K e C°°{E, C)(3.7) 

where U(t) denotes the universal enveloping algebra of the Lie algebra z with Lie bracket 
multiplied by a factor ih, -jj the multiplication in U(t) and { , } the Poisson bracket (|3.2j) . 
Then 

1. Q has a *-structure given by ® 1)* = £ <g> 1, (1 <8> F)* = 1 ® F for G e ; 
F G C°°(F,C). 

TTie algebra Q inherits a filtration from the canonical filtration of the universal 
enveloping algebra U(t) 

oo 

Q= |J = ?7 (fc) (0 ® C°°(F, C) C Q (fc+1) VfcGN (3.8) 

fc=0 

with Q<°) = C°°(F,C) = Qg } , QW/Qi*- 1 ) S QgJ VA; > 1 and 

Q(fc) . q(0 c q(*+0 q(0] c Q(*+»-i) Vfc, / G N. (3.9) 

In particular, the commutator [ , ] o/ Q defines a Lie bracket on the space . 
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3. In terms of elements £1 < ... < £dimE of an ordered basis of t, a vector space 
isomorphism Q : Qc — > Q is defined by 

Q(U ■■■L m ®F) := £ ai -u ■ ■ ■ -u ia m ® F = Q(l (g) F) • Q(U ® 1) • • • Q(£ Qm ® 1) 
Vai < . . . < a m , F G C°°(F, C). (3.10) 

It satisfies 

rt k+l \Q(W)-Q(Z)-Q(WZ)) =0 (3.11) 
n (^-i)([g( W /) ) g(z)]-^g({^,Z})) =0 ViyeQfUeQ?', (3.12) 

whereH^ is the canonical projection Q^ — > /Q^ k ~ l \ In particular, Q|(g(o) e g(i)) c : 

zs a Lze algebra isomorphism with respect to the brackets { , }|(Q(o)©g(i)) t 



Note that for general elements x G /7(e) of the universal enveloping algebra /7(e) the 
multiplication law defined by ()3.7|) can be written using Sweedler notation 

(0 ® F) ■ ( X ® X) = -t/ x) ® (i 71 ■ 0f 2) if), (3.13) 

where Au : /7(e) — > /7(e) ® ?7(c), A u (9) — 2 fyi) ® 0(2) is the co-multiplication of the 
universal enveloping algebra defined inductively by A[/(£) = l®£ + £®lfor£Ge and 
At,(0 -a x) = M*) A c/ (x) for 9, X G C/(c). 

Proof: 1. The canonical filtration of universal enveloping algebra /7(e) = UfcLo^ ( e ) > 
where U^ k \t) is the space of non- commutative polynomials of degree < k in the generators 
of the Lie algebra e, satisfies 

U (k \t) -u U {l \z) C U {k+l \t), [U (k) (t), U {l \t)}u C U^ k+l ' l \t) Vife, Z e N (3.14) 

and U^i^/U^it) = S^(e) for A; > 1. This implies QW/Q^" 1 ) = (U {k \t) ® 
C 00 (F,C))/(f/( fe - 1 )(e)®C 00 (F,C)) = (f/W(e)/f/( fc - 1 )(c))®C 00 (F,C) = SW(t)®C°°(E, C) = 
for A; > 1. The identities ()3.9|) then follow directly from ()3.14|) and the multiplica- 
tion law (|3.7|) . In particular, [Q^, Q^] C Q^, which makes the subspace Q^ with the 
commutator a Lie algebra. 

2. According to the theorem of Poincare-Birkhoff-Witt, see for example |2U| . an ordered 
basis of the vector space /7(e) is given by the ordered monomials £ ai -. . ■■^ am i a i < • • • < a m, 
m G N, in the elements of an ordered basis £i < ... < £dim£ of the Lie algebra e. 
Therefore, the map Q in (|3.10J) defines a vector space isomorphism from Qc to Q. From 
the multiplication law ()3.7|) and the definition ()3.2|) of the Poisson bracket we have for 
the commutator of two Lie algebra elements £, rj G e and the commutator of a Lie algebra 
element with a function F G C°°(F, C) 

[f® 1,7? ®1] = (f •E/f7-f7-E/0®l = *fc{f (3-15) 

[£®1,1®F] =ifil® ^-^| t=0 F(e-^.-)J = iMf ® !> 1 ® F >- 
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For elements W G Q£> , Z G , the product Q{W) ■ Q(Z) differs from Q(WZ) only 
by factor ordering, which can be seen from the multiplication law ()3.7|) and commutators 
(|3.15j) to give rise to a quantum correction in preceded by a factor h. The same 

applies to the commutator \Q{W),Q(Z)] and iHQ({W, Z}), only that now the quantum 
correction is an element of Q( fc +' -2 ) with a factor h 2 . This proves identities (j3.11|) and 
(|3.12|) . in particular, that Q\(q(o) (S qW) c '■ Qc © Qc — ¥ is a Lie algebra isomorphism. 
□ 

Theorem 13.11 provides us with a way of constructing the quantum algebra for Poisson al- 
gebras Q = U(t)<zC°°(E,C) with a semidirect product Poisson structure ([3.2)1 . The next 
step is the study of their representation theory, i.e. the classification of all irreducible 
Hilbert space representations. For this, we must decide which representations we want to 
consider and which meaning we want to give to the requirement of irreducibility. These 
questions arise in a similar way in the standard examples treated in textbooks on quan- 
tum mechanics, for the case of T*W N see [21] and also the papers [22] f° r a more detailed 
treatment. Physical requirements usually result in restrictions on the admissible repre- 
sentations, which are reflected in the concept of integrability and a specific interpretation 
of irreducibility. 

The simplest case is that of a quantum algebra of observables which is the universal 
enveloping algebra {7(e) of a Lie algebra e. Via differentiation, representations of the 
corresponding Lie group E on a Hilbert space give rise to representations of the universal 
enveloping algebra U (e) on a dense, invariant subspace, the Garding space or space of C°°- 
vectors [231 , [21] ■ However, in general not all representations of the universal enveloping 
algebra arise that way. Following [23] we call a representation n of {7(e) integrable if it is 
derived from a unitary Hilbert space representation tt of E according to the rule 

n(OV = ^|t=o7r(expH£))^ f G g, (3.16) 

for all C°°- vectors ip. Because the elements of the Lie group E often correspond to physi- 
cally meaningful transformations on the phase space, it is usually requested that the Lie 
group E be represented on the Hilbert space and only integrable representations are con- 
sidered. Similarly, irreducibility is usually understood with respect to the representation 
of the Lie group E, i.e. one classifies integrable representations of the universal enveloping 
algebra {7(e) for which the corresponding representation of the Lie group E is irreducible. 

In our case, we want to impose analogous requirements for the representations of the 
subalgebra {7(e) C Q, but we need to combine the associated representations of the 
group E with representations of the function algebra C°°(E,C). To do this, we recall 
that the product ()3.7j) in Q involves the action ()3.2|1 of e on C°°(E,C) that is derived 
from the group action . of E on C°°(E, C). Thus we want to combine the group E with 
the functions C°°(E,C) in such a way that the product of group elements and functions 
involves the action g G E which sends F G C°°(E,C) to (u i— > F{g~ 1 .u)). Tensoring 
group elements with the function algebra C°°(E,C) only makes sense at the level of 
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the group algebra of E. If we realise the group algebra of E as (a certain class of) 
functions on E with multiplication defined by convolution, the combination with the 
function algebra C°°(E, C) can be achieved in the framework of transformation group 
algebras, initiated by Dixmier and continued by Glimm j2H|. In the most general 
definition of transformation group algebras one starts with a topological group E which 
is Hausdorff, locally compact and second countable and acts on a space X. Here we only 
need to consider the case where X = E, and E is a finite-dimensional Lie group. We 
summarise the key results following the paper [21] , which gives a treatment that is closely 
related to our situation. 

Definition 3.2 Let E be a unimodular Lie group acting continuously on itself via . : 
E x E — > E. Then the space Cq(E x E,C) of continuous functions on E x E with 
compact support is a transformation group algebra if it is equipped with the multiplication 
and *- operation given by 

F 1 »F 2 {v,u) = F 1 (z,u)F 2 {z- 1 v,z-\u) dz (3.17) 

J E 

F*(v,u) = v~ l .u). (3.18) 

With the norm \\F\\\ = J E \\F(z, -)\\oo dz we have the inequality ||-Fi«F 2 ||i < ||Fi||i||F 2 ||i. 

We now define irreducible integrable representations of Q to be those which, in a sense 
to be specified below, are derived from irreducible unitary and bounded representation 
of Cq(E x E,C). The task of classifying integrable and irreducible representations of Q 
then reduces, by definition, to the task of classifying irreducible unitary and bounded 
representations of the transformation algebra Cq(E x E,C). 

Following the study in |27j . we make the technical but important assumption that the 
orbit space of the .E-action on itself is T in the quotient topology (A topological space 
is T if for any two distinct points at least one of the points has a neighbourhood to 
which the other does not belong). Also, we assume for simplicity the existence of an 
invariant measure dm on the orbits of the group action of E on itself. Then, the bounded 
irreducible representations of a transformation group algebra are characterised by the 
following theorem [27j. 

Theorem 3.3 Let E be as above and assume that the orbit space of the E-action on 
itself is Tq in the quotient topology and that there exists invariant measures dm on each 
orbit. Then the irreducible \ \ ■ \ \\-bounded unitary representations of the transformation 
group algebra Cq(E x E, C) are labelled by orbits M = {v.g^ \ v G E}, G E, of the 
action of E on itself and irreducible unitary representations Ii s of the associated stabilisers 
N^ = {n e E\ n.g^ = g^} on Hilbert spaces V s . The representation spaces V^ s are, up to 
equivalence, given by the following construction. Let L 2 ^ be the space 

L% := : E - V s | ^(vn) = n^n" 1 )^), Vn G A^, Vu G E, 

and \m 2 := [ U(z)\\ 2 Vs dm(zNj < oo} (3.19) 
Je/n^ 
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with the positive semi- definite inner product 

(Vi,^):= / (M^),M^)v s dm(zN li ). (3.20) 

Then one obtains a Hilbert space by taking the quotient space with respect to the subspace 
of functions with norm zero: 

V, s = LlJ{^eL% I |H| = 0}, (3.21) 

on which elements F G Co(E x E, C) act via 

(tt^F)^) (v) = [ F{z,v.g^{z- l v) dz. (3.22) 

J E 

It remains to show that there is a dense invariant subspace of the Hilbert space that 
carries a representation of the quantum algebra Q and to specify how this representation 
is derived from that of Cq(E x E,C). For this purpose, note that the group E acts 
unitarily (and reducibly) on V^ s via 

{n{g)4,){v)=4,{g- l v). (3.23) 

Following [21], we define C°°-vectors in a representation of E to be those for which the 
map ip i — ► 7r{g)ip is infinitely often different iable. The C°°-vectors in viewed as a 
representation of E are precisely those ip G which are smooth functions E — > V s . On 
these vectors the derived action of the Lie algebra c is then obtained by differentiation as 
in ()3.16|) . In order to obtain a subspace on which C°°(E, C) acts we need to impose the 
additional restriction that the map \\ift\\y : E/N^ \— > C has compact support. We define 

V™ = {V e C°°(E,V S )\ ip{vn) = U^n- 1 )^) Vn G N^v G £ 

and \\i>\\ 2 Vs eC™(E/Nj} (3.24) 

and have 

Theorem 3.4 The space V™ is a dense subspace of the Hilbert space V^ s and carries the 
derived representation of the quantum algebra Q defined by 

Ii^ s {i®l)^{v) = -ihj t \ t= ^{e-^v) 11^(1 ® F)ip(v) — F(v.gft) ■ ip(v) (3.25) 

forget, F G C°°(E,C)- 

Proof: The density of V™ in follows from the density of C£°(M, C) in L 2 (M, C) for 
any domain M [2I|. To see that the action (J3.25J) of Q on is well-defined and leaves 
invariant note that if HV'llvi nas com P ac t support so does |F(-.(yf p )| 2 ||^||y s . Checking 
that (|3.25|) defines a representation is an easy algebraic exercise. □ 
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3.2 Quantisation of the decoupled flower algebra 

After constructing the quantum algebra and its representations for Poisson algebras of 
type (j3.1|) with brackets (|3.2|) we can now apply these results to the cotangent bundle 
symplectic structure T*G, the dual Poisson structure H* and, finally, the decoupled flower 
algebra T . For the case of the cotangent bundle T*G with the Poisson brackets given 
by (J2.31)) . the corresponding group action is simply the inverse left multiplication or, 
alternatively, the right multiplication with G. There is only a single orbit, the group G, 
and its stabiliser group is trivial. We obtain the following quantum algebra 

Theorem 3.5 (Quantum algebra for T*G) 

1. The quantum algebra for the cotangent bundle Poisson structure T*G is the asso- 
ciative algebra U(g)<zC°°(G,C) with the multiplication defined by 

(£®F)-(r}®K) = (f -u 77) ® (FK) - ihrj® F{i L K), (3.26) 

where £,77 G g, F,K& C°°(G,C), £ L is the right-invariant vector field associated to 
£ and -jj denotes the multiplication in the universal enveloping algebra U(q). 

2. The corresponding transformation group algebra has a single irreducible representa- 
tion on the Hilbert space V = L 2 (G,C). Elements of U(g)<zC°°(G,C) act on the 
dense invariant subspace C^°(G, C) according to 

<g> l)V>(u) = -ih^(u) n(l ® F)il>(u) = F{u) ■ V»(u) (3.27) 

forueG^eg, F e C°°(G,C). 

Of course, we could just as well have G let act on itself via the right multiplication and 
simply exchanged left and right in Theorem 13.51 Combining one copy of T*G, where G 
acts by right multiplication, and one where it acts by inverse left multiplication, we obtain 
the quantum algebra associated to the Poisson structure (|2.31|) of each handle: 

Definition 3.6 (Handle algebra H) 

1. The handle algebra is the associative algebra TC = U (g ® g) §LC°° (G x G,C) with 
generators k\, k\ e g for the two copies of g and multiplication defined by 

(£ ® F) ■ (77 (8 K) = (f -u 77) ® (FK) + ih 77 <g> F{£ <g> 1, 1 <g> K}, (3.28) 

where £, 77 e g © g, F, K e C°°(G x G, C), -u is the multiplication in U(g(B g) and 
the bracket { , } is given by f!2.31|) . 
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2. The corresponding transformation group algebra has a single irreducible represen- 
tation on the space L 2 {G x G, C) and elements of H act on the dense subspace 



C™{G x G,C) via 

^n((klk 2 b ) ® l)^(w l} w 2 ) = -^^| t =o^(^ie tJa ,e-* Ji -w 2 ), (3.29) 
® F)if>(wi, w 2 ) = F(w 1 , w 2 ) ■ ipiwx, w 2 ). 



The case of the dual Poisson structure if* is slightly more complicated. Here, the group 
action associated to the Poisson bracket is conjugation with G. Consequently, its orbits 
are G-conjugacy classes, and its irreducible representations are labelled by G-conjugacy 
classes and unitary irreducible representations of the associated stabilisers. 

Theorem 3.7 (Puncture algebra V) 

1. The quantum algebra V associated to the Poisson structure ()2.27|) on the dual 
Poisson-Lie group H* , in the following referred to as puncture algebra, is the asso- 
ciative algebra V = U(q)<kC 00 (G,C) with multiplication defined by 



where £, r/ G g, F, K G C°°(G, C), £ L , ^ R are the right- and left-invariant vector 
fields associated to £ and -y denotes the multiplication in the universal enveloping 
algebra U(g). 

2. The corresponding transformation group algebra is called the quantum double of G 
and denoted D(G). Under the technical assumptions of Theorem ^. 'A its irreducible 
representations, classified in Jlffi , are labelled by the G-conjugacy classes = {v ■ 
9n ■ v~ l | v G G} and irreducible unitary representations U s of associated stabilisers 
N/j, = {n G G\n ■ g^ ■ n~ l = g^} on Hilbert spaces V s . The representation spaces are 



where ~ denotes division by zero-norm states and dm is an invariant measure on 
G/N^. The algebra V acts on the dense subspace via 



n MS (e ® l)^{v) = -ihi L i,{v) II MS (l <g> F)if>(v) = F{vg^v- 1 ) ■ ^{v) (3.32) 
for FGC°°(G,C). 



After quantising the Poisson algebras (|2.27|) and (J2.31|) associated to each puncture and 
handle, we can now combine these building blocks to construct the quantum algebra for the 
decoupled flower algebra and its irreducible representations. By inverting transformation 



(f ® F) ■ (77 <g> K) = (f -u T)) ® (FK) -ihrj® F(£ L + £ R )K, 



(3.30) 




Jg/n, 



(3.31) 
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(|2.30J1 . we obtain the quantum algebra f associated to the Poisson algebra ()2.27|) . (j2.28|) . 
Note that this Poisson algebra is again of type (j3.1|) with Poisson brackets ([3.2)1 . where 
now E = G n+29 and the action of G n+2a on itself given by combining n copies of the 
group action associated to the puncture algebra V and g copies of the group action for 
the handle algebra Ti,: 

(h Ml , • • • , h Mn ,hA 1 ,h Bl , • • • , h Ag , h Bg ) ■ (u Ml , ■ ■ ■ ,u Mn ,u Al ,u Bl , ■ ■ ■ ,u Ag ,u Bg ) 
= {h Ml u Ml hM V h Mn u Mn hM n ,u Al h Al ,u Al h Al u2lu Bl h Bl , u Ag h Ag , u A h Ag u~ A 1 u B h Bg 

Theorem 3.8 (Quantisation of the decoupled flower algebra) 

1. The quantum algebra for the decoupled flower algebra in Theorem\2.J\ is the asso- 



ciative algebra 

/n+2g \ 

f=U \<zC°°(G n+29 ,C), (3.33) 

with the multiplication defined by 

(C ® F) ■ {v ® K) = £ -v t) ® FK + ih t) ® F{£ ® 1, 1 ® K}, (3.34) 

where £, 77 G ©fc=i 9 0, F, K G C 00 (G ri+29 , C) and -u denotes the multiplication in 

is given by ([2.27)1 . (|2.28j) via the identification of 
the generators of the different copies of g with the elements jH? 1 , . . . , jH? n , ja 1 — 

B' B' A 1 B' B' rrr—n 

ja 1 , ja 1 , • • • , ja 9 — ja 9 ,ja 9 in Theorem \2.J\ The algebra T has a * -structure given 
h Ua'Y=3a, {1®F)* = 1®F. 

2. If the technical assumptions of Theorem \S.S\ hold the irreducible representations 
of the transformation group algebra corresponding to ()3.33|) are labelled by n G- 
conjugacy classes C^, . . . ,C^ n and irreducible unitary representations U Si of sta- 
bilisers jV Ml , . . . , of chosen elements g^, . . .g^ n in those conjugacy classes on 
Hilbert spaces V Si . Let 

L l lSl ...„ nSn = = G n+2g -»• V S1 <g> . . . <g> V Sn ) | i/)(v Ml h u ■ ■ .,v Mn h n ,u Al , . . . , u Bg ) 

= (IlsAK 1 ) ® ••• ® RsAhn 1 )) ^(v Ml ,---,v Mn ,u Al ,...,u Bg ) Whi G N^, HVII 2 < oo}, 

with norm \ \ ■ \ \ derived from the inner product 



(ip,(j))= (j))(v Ml ,---,VM n ,u Al ,...u Bg ) (3.35) 

JG/N l , 1 x...xG/N l , n xG 2 9 

dm^VMi ■ Ni) ■ ■ ■ dm n (v Mn • N n ) • du Al ■ ■ ■ du Bg , 

where ( , ) is the canonical inner product on the tensor product of Hilbert spaces 
V S1 ® . . . (g> V Sn . The representation spaces are 

V fllSl ,„ IMlSn = ^ lSl ... MnSn / ~ (3-36) 
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where ~ denotes division by zero-norm states. Elements of T act on the dense 
subspace V™ l n according to 

n MlSl ... MnS „(l ® F)ip(v Ml , ■ ■ ■ , v Mn , u Al , ■ ■ ■ , u Bg ) (3.37) 

= F{vm x 9hxVm v V Mn g^VM n ,U Al , U Bg )^(v Ml , ...,V Mn ,U Al ,..., U Bg ) 

= ((Fop) ■ ip)(v Ml , ■ ■ ■ ,v Mn ,u Al , ■ ■ ■ ,u Bg ) 

n MlSl ... M)iSn (j a 1 ® l)1p(v Ml , ...,V Mn ,U Al ,.. .,U Bg ) 

= -ih — \t=oip(v Ml , • • • , e~ tJa v M ., ...,v Mn ,u Al ,..., u Bg ) 

= -ih Ja M ' Tp(v Ml , ■ • ■ , V Mn , U Al , . . . , UB g ) 
A' B' 

n mSl ... MnSn ((ja 1 - ja 1 ) ® l)lp(v Ml , • • • , V Mn , U Al ,..., U Bg ) 

= -ih—\ t =o^(vM 1 , ■ ■ .,u Ai e tja ,u Ai e tja u^ u Bi, ■■■, u B g ) 

= -ih (Ja At + Ad*(u A lu Bi ) a b Jb Bl )' l P( v M 1 , ...,v Mn ,u Al ,..., u Bg ) 

B' 

n MlSl ... AtnSn (ja l ® l)lf)(v Ml , . . . ,V Mn ,U Al , . . . ,U Bg ) 

= -ih — \ t=0 ^(v M ^ ■ ■ ■ ,u Al ,u Bi e tja , . . .,u Bg ) 

= -ikJa Bl 4>(v Ml , ■ ■ -,V Mn ,U Al , . . .,U Bg ), 

with (3 : G n+29 G n+29 given by 

P(v Ml , ...,v Mn ,u Al ,...,u Bg ) := (v Ml g^vll v . . . , VM n 9nnVj} n , u Al ,..., u Bg ). (3.38) 

3. With the induced inner product on the subspace V™ l n , the representations f!3.37j) 
are * -representations with respect to the ^-structure given above and the operators 
n wsi ... MnSn (j'f ® 1), n MlSl ... MnSn (l ® F) are Hermitian. 

3.3 The quantum decoupling transformation 

We can now use the quantisation of the decoupled Poisson structure in Theorem 13.81 to 
obtain the quantum version of the original, undecoupled Poisson brackets ()2.22j) of the 
flower algebra. The idea is to define a quantum counterpart of the inverse decoupling 
transformation K~ x given by (|2.26|) . In trying to implement this idea one encounters 
ordering ambiguities in the part of K~ x that involves the generators j^jJa* associated to 
the handles, such that the quantum versions of the brackets ()2.22|) associated to different 
choices of ordering would differ by quantum corrections. However, a closer look at the 
structure of the quantum algebra T provides us with a canonical definition of the inverse 
quantum decoupling transformation. Note that the classical decoupling transformation 
and its inverse are linear in the generators and j*' . We can therefore interpret them 
as bijective maps on the vector space © and use the vector space isomorphism 
Q in Theorem 13.11 to define its quantum counterpart. 
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Theorem 3.9 (Quantum decoupling transformation) 
Define the quantum decoupling transformation as 

K : = Q|oi o K o Q\~l : -> JF« (3.39) 

where Q\oi denotes the map <5|(jr(o) e jr(i)) c : JF^ ' 1 JF^ 1 - 1 — > JF* 1 ) to simplify notation, and 
transform the generators of J 7 ^ with its inverse K~ x = Q\oi ° K^ 1 o Q\qx . Then the 
commutators of the transformed generators are given by applying the map ih Q\oi to the 
right-hand side of equations (|2.22j) . 

Note that, although this construction looks quite formal, it amounts to the choice of 
an ordering in (J2.24j) . (J2.26j) . namely ordering all the generators , j*' that occur in 
these expressions to the right. The quantisation of the Poisson brackets (|2.22j) obtained 
this way is canonical in the following sense. Although the right-hand sides of (|2.22j) 
contain products of generators G ©fc=i 9 with functions Ad*(ux) b c € C°°(G n+2g ), 
these products do not give rise to ordering ambiguities. This is due to the fact that 
X < Y in all of them, for which the last three brackets in (J2.22j) imply that the factors 
commute. 

4 Quantum symmetries and the quantum double D(G) 
4.1 Quantum action of G x C°°(G) 

With the definition of the quantum flower algebra T and its irreducible representations 
in Theorems 13.81 and 13.91 we can now determine how the group G k C°°(G) acts on this 
algebra. The crucial observation for constructing the quantum action of this symmetry 
group is the fact that it induces linear transformations of the classical generators j*, as 
explained in Theorem 12.61 This allows us to define their action on the generators of the 
quantum algebra by means of the map Q in Theorem 13.11 

Theorem 4.1 (Action of G x C°°(G) onT) 

For an element (h, /) 6 G X C°°{G), define its action (h, f) on the subalgebra by 

(hJ)=Q\oi°(hJ)oQ\ Q1 \ (4.1) 

This map is a Lie algebra automorphism of and can be extended canonically to an 
algebra isomorphism (h, f) : T ^ — > T of the quantised flower algebra. 

Proof: Let r be a Poisson isomorphism of the classical flower algebra that restricts to a 
Lie algebra automorphism of the linear subalgebra © J 7 ^ and therefore defines a Lie 
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algebra automorphism f : F (1) -> F (1) by f = Q|oi oroQl^ 1 . As Q| i : F<J; 0) ©F^ -> F (1) 
is a Lie algebra isomorphism and r a Poisson automorphism of F, we have 

im,nx)}=rtQ\ 01 ({T(Q\ 01 \6)),T(Q\ 01 \ x ))}) (4.2) 
= ^Q| 01 or({Q| 01 1 (^),Qlo"i 1 (x)}) 

= Qloi o r o x \) = r([9, x}) ^, x e F«. 

Via the choice of an ordered basis of U fl) , for example the ordered polynomials 

. , r . i i ii .Ml .Ml .ML .ML .M 

m the elements of the ordered basis j 1 L < . . . < j dimG < j l < . . . < j di ° G < j 1 < 

A' B' B 1 in 

< JdimG < h 1 < • • • < JdimG of the Lie algebra 0£ =1 9 0, and setting 

r(Ua} ■ ■ -3at) ® !) : = ttiS 1 ® 1) " • ■ f0'£* ® 1) ( 4 - 3 ) 
f((l ® F) ■ (0 ® 1)) := f(l ® F) ■ f (0 ® 1) 

for elements of this ordered basis, f can be extended to a vector space isomorphism on 
F. Because f has been extended multiplicatively to the ordered basis and [f(£ <8>F), f (77(g) 
K)] = f([f ® F, 77 <g> F]) for £, 77 e 0£J ff fl and F, F G C°°(G n+2 9, C), f : F -> F is also 
an algebra isomorphism. □ 

The action of the group G x C°°(G) as an algebra isomorphism of the quantised flower 
algebra raises the question if it can be implemented unitarily in the representation spaces 
(I3.36J1 . The following theorems show that this is indeed possible and give explicit formulae 
for the action of G K C°°(G) in the representation spaces (j3.3' 



Theorem 4.2 (Representations o/G« C°°(G)) 

Let n Mlsl .,. MnSn be a representation of the flower algebra as defined in Theorem \3.& Let 
the maps p, Ad^ 9 : G n+2g -> G n+2g be given by (l3~5£|) and 

■ — n-\-2g -, -, 

Ad h (v Ml , v Mn , u Al ,..., u Bg ) = (hv Ml ,- ■ • , hv Mn , hu Al h~ hu Bg h ). (4.4) 
Then T:Gk C°°(G) -> End{V^ Sl ...^ Sn ) 

T(h,f)V(v Ml , ■ ■ • • -,u Bg ) (4.5) 



9 



(n Ml , . . .,v Mn ,u Al , ...,U B 
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= e lfMi2(f l l v Mi) ...,h l v Mn ,h l u Al h,...,h l u B h) 

with u t ot given by by (|2.3fjjl . defines a representation of the group G x C 00 (G) on the 
representation space V^^...^^ £/iat satisfies 

Wfe^ = r^/jon^jzjor 1 ^/) vz g f (4.6) 

on i/ie dense invariant subspace V^ S1 _ n . If the conditions in theorem \3.8\ are fulfilled, 
this representation is unitary. 



27 



Proof: To simplify notation, we write V for V lllSl ,,, flnSn and II for II jttlSl .„ |tnan . The iden- 

• — -n+2g 

tity / o o f3 o Ad h -i — f o Ad ft -i o o /3 implies that (|4.5j) defines a representation 
of G x C°°(G) on V. Since the group elements corresponding to the punctures are left- 
multiplied by elements of G and the elements corresponding to the handles conjugated in 
14 A\ the conditions on the measures in Theorem 13.81 guarantee unitarity for the represen- 
tations of elements (h, 0)gGk C°°(G). For elements (1, /) G G x C°°(G), which act via 
multiplication by a phase, this is trivial. 

To prove identity 14.61 we calculate 

n({hj)(i ® #)) o r(A, /)* = n(i ® (A- o Ad n h ^ 9 )) ( e ^°*- o/3 • (w Ad^ 29 ) ) (4.7) 

= (A o Ad^ 9 o /?) ■ ei^*°° 0/3 ■ (* o AoV?) = /) o n(l <g> K)^ V*gV 

and, with the Poisson bracket (|2.27j) . (|2.28|) for the generators j*' of the decoupled flower 
algebra 

n((0)jf ) o r(h, /)* = n((i ® Ad*^). 6 ) • jf + 1 ® Ad*(^ a b {jf , / $00}) (r(h, /)*) 

= Ad*(/i) a 6 ( Of, / ° $00} o /? ) • et/°^^ • (tf o Ad^f 9 ) (4.8) 
+ Ad*(h) a b eif°*°°°? ■ (U(jf )(* o Ad^ 9 )) 
+ |Ad*(/0 a 6 e^ ' 3 • (* o Ad^ 9 ) • (H(jf )(/ o $00 o /?)) 

= c */«*-«* . (n(jf )*) o Ad^ 29 = r(/i, /) o naf )* v* e v, 

where we used the identities 

, v i - n+2q , vi \ ■ n+2q 

Ad*(/ i ) a 6 n(^)(*oAd,-/) = )*) o M h J (4.9) 

n(jf )(/ o<$ ?00 of3)=ih {jf ® 1, / o o /5. 

Therefore, we have II(("O))0) = T(/i, /) o n(0) o T-\h, f) for all 8 e J 7 . □ 
4.2 The relation to the quantum double D(G) 

In the combinatorial approach to quantising Chern-Simons theory [21 El EHl EHj quantum 
groups or, more precisely, ribbon-Hopf-*-algebras and associated structures play a central 
role. Since our approach to quantising Chern-Simons theory with gauge group G tx q* 
begins with a description of the classical phase space which is analogous to that used in 
[3 Ej it is perhaps surprising the we arrived at a quantisation without making explicit use 
of quantum group theory so far. 

In this section we discuss which role quantum groups, more precisely, the quantum double 
D(G) of the Lie group G play in our formalism. We already encountered D(G) as the 
transformation group algebra associated with the puncture algebra in Theorem 13.71 Here 
we will exhibit its ribbon- Hopf properties. We show that the quantum double D(G) also 
acts on the representation spaces of the handle algebra 7i given in Def. 13.61 Using this 
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action we obtain a representation of the quantum double on the representation spaces of 
the quantised flower algebra defined in Theorem 13.81 By comparison with the quantum 
symmetries discussed in Sect. 14.11 it then becomes apparent that the quantum double can 
be viewed as a generalisation of the symmetry group G x C°°(G). 

The quantum double of a Lie group G has been studied in various publications. We 
adopt the conventions used in [21] where the quantum double is identified with continuous 
functions on G x G, except that we exchange the roles played by the two copies of G in 
order to match our conventions for the semidirect product group H. Thus we identify 
D(G) = Cq(G x G,C) as a vector space. In order to exhibit the structure of D(G) as 
a ribbon-Hopf-*-algebra, we need to include Dirac delta functions which are not strictly 
in Cq(G x G, C). One can avoid this problem by modifying the definition of D(G) as 
explained in [3U| or by simply adjoining the singular elements. In practice the latter 
approach is more convenient. Later we shall see that it is precisely the singular elements 
5 g ® f (v,u) = 5 g (v)f(u) which have a conceptually simple interpretation. 

Thus we define multiplication •, identity 1, co-multiplication A, co-unit e, antipode S 
and involution * via 



(F 1 mF 2 ){v,u) 

10, w) 

(AF)(v 1 ,u 1 ;v 2 ,u 2 ) 
e(F) 




(4.10) 

(4.11) 
(4.12) 

(4.13) 



F(vi,uiu 2 ) 5 V1 (v 2 ). 




Jg 



(SF)(v,u) 
F*(v,u) 



F{v x ,v 1 uv), 



(4.14) 
(4.15) 



so that we have for the singular elements 



(<*fll ® fl) • ($92 ® h) = $9192 ® (fl ■ /2 O Ad fli -l) 

A($ g ® f)(v 1 ,u 1 ;v 2 ,u 2 ) = 5g{vi)5 g {v 2 )f{uiu 2 ) 
e(S 9 O /) = /(e) 

S{6 g ® f) = 6 g -i® {f oAdg-iotf- 1 ) 

(5g®f)* = 6 g -l®(foAd g -l). 



(4.16) 
(4.17) 
(4.18) 
(4.19) 
(4.20) 



The universal i?-matrix of D(G) is 



R(vx,ux; v 2 , u 2 ) = 5 e (v 1 )5 e {u l v 2 1 ) 



(4.21) 



and the central ribbon element c 



c(v, u) = S v (u). 



(4.22) 



It satisfies the ribbon relation 



Ac = (#21 • R) • (c ® c) 



(4.23) 
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with R2i(vi,ui;v 2 ,u 2 ) := R(v 2 , u 2 ; Vi, U\). 

The irreducible representations of D(G) are given in Theorem 13.71 With the notation 
introduced there, the singular elements have the simple action 

n MS (5 9 <g> fMv) = f{vg^- l )^{g- l v). (4.24) 

There is a further representation of D(G) which will be relevant in the following, but 
which is not irreducible. It is obtained by letting D(G) act on itself via the adjoint 
action. Using Sweedler notation as defined in (j3.13j) the adjoint action of F G D(G) on 
(f) E D(G) is 

ad(F)(p(wi,w 2 ) = J~]Fq.) •(j)»SF {2 ) 

F(v, WiW 2 Wi w 2 )(f)(v~ WiV, v~ w 2 v) dv (4.25) 

implying 

&d(5 g <g> k)4>(w 1 ,w 2 ) = k^w^w^w^^g^wxg, g~ l w 2 g). (4.26) 

Now note that the same action can be used to let D(G) act on the irreducible representa- 
tion of the handle algebra 7i. Combining the representations ()3.31|) and 1)4.25)1 and using 
the co-multiplication of D(G) repeatedly we obtain an action of D(G) on the representa- 
tion spaces V ftl31 ... flnSn of the flower algebra: 

TL(F)ip = (n msi <g> • • • ® n MnSn <g> ad <g> ■ ■ ■ ® ad) o (A ® 1 ® • • • 1 ) o . . . 

(n+g-2)x 

...o(A® 1® l)o(A® l)(F)Vv (4.27) 

For the singular elements we find 

n(^ <g> k)i)(v Ml , ■ ■ ■,VM n ,w 1)1 ,w 2 ,i, • • .,w 1)g ,W2, g ) (4.28) 

= (A; o o /9) • (^oAd h _i )(vjif 1 ,...,vji fl ,,iwi ) i,iW2,i,-..,Wi, ff ,W2,fl) 

= k(u tat )^(h~ 1 v Ml , • • • , h~ l v Mn , h~ l Wx,iK hr x w 2il h, hr x w x , g h, h~ l w 2ig h), 

n+2g 

where /3, Ad h -i are given by (J3.38)) . ()4.4j) and $oo and u to t by ()2.36)) with the identification 
wi,i = u Al , w 2ji = Ug^UAi as in (|2.3()jl. 

Comparing this representation of the quantum double D(G) on the representation space 
Vfj.isL.^nSn with the quantum action ()4.5|) of the group G x C°°(G) in Theorem 14.21 we 
see that they are identical if we identify h <-> Sh and k «-> e^A Furthermore, with this 
identification, the multiplication law (|4.16|) of D(G) agrees with the multiplication ()2.34|) 
of the group G x C°°(G) and the *-operation (|4.2U|) maps each element of G x C°°(G) to 
its inverse. In other words, the map 

(hj)^6 h ® e y (4.29) 
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is a group morphism from the symmetry group G x C°°(G) into the semidirect product 
G x C°°(G, U(l)) of G with smooth [/(l)-valued functions on G, realised as a group of 
(singular) elements in the quantum double D(G). In this sense the quantum group D(G) 
generalises the symmetry group G x C°°(G). Moreover, the formula (J4.27|) shows that the 
action of this generalised symmetry on the Hilbert space V lllSl ,„ tJ-nSn is naturally expressed 
in terms of the co-multiplication of D(G). 

This relation between the group G x C°°(G) and the quantum double D{G) fits in nicely 
with the role quantum groups play in the formalism of combinatorial quantisation of 
Chern-Simons gauge theories. In Sect. 12.21 we explained how the phase space of Chern- 
Simons gauge theory with gauge group H, the moduli space of flat //-connections, is 
related to the classical flower algebra. It is obtained from the space of holonomies by 
dividing out the residual gauge transformations that act on the holonomies by global con- 
jugation with H, i.e. by imposing the constraint arising from (|2.17|) . In the combinatorial 
quantisation scheme [21 El E] , the representation spaces of the quantised moduli space are 
then constructed by imposing invariance under the action of a corresponding quantum 
group on the representation spaces of the quantum flower algebra. 

In our formalism, the constraint (u to t, — Ad(utot)j) ~ 1 arising from (|2.17|) appears as 
the infinitesimal generator of the classical action of the symmetry group G x C°°(G) in 
Theorem 12.61 Its action on the flower algebra can be interpreted as a generalised or 
deformed conjugation. Implementing this constraint via the Dirac formalism [21 El 13 
would then amount to selecting the states on the representation spaces V fJilSl ,_^ nSn of the 
quantum flower algebra that are invariant under the action of the group G x C°°(G). 

5 Outlook and conclusions 

In this paper we quantised the flower algebra, which is a crucial ingredient in the de- 
scription of the phase space of Chern-Simons gauge theory with semidirect product gauge 
groups H = G x g* on a punctured surface. We showed how its Poisson structure can 
be broken up into a set of Poisson commuting building blocks and discussed the Poisson 
action of the group G x C°°(G). This allowed us to construct the corresponding quantum 
algebra and its irreducible Hilbert space representations by means of a rather straightfor- 
ward quantisation procedure. After determining the action of the group G x C°°(G) on 
the quantum algebra, we were then able to relate this group action to the quantum double 
D(G) of the Lie group G. This clarified how this quantum group arises as a quantum 
symmetry. 

It is interesting to compare our approach to the formalism of combinatorial quantisation of 
Chern-Simons gauge theories developed for compact, semisimple gauge groups in [2 El El 
and its extension to the case of the semisimple but non-compact group SL(2, C) in [2"%1 12"§]. 
Both start from the classical flower algebra and in both cases quantum groups play an 
important role. However, it is not clear how the combinatorial quantisation scheme could 
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be generalised to groups of the form H = G x q* in a mathematically rigorous fashion. 
For this reason, we did not use it as a guideline for quantisation but based our approach 
on a detailed investigation of the structure of the classical algebra. 

We see explicitness and simplicity as an advantage of our approach. It describes the classi- 
cal flower algebra in terms of quantities that can easily be related to the physical content of 
the underlying Chern-Simons gauge theory. For instance, in the case of (2+l)-dimensional 
gravity in its formulation as a Chern-Simons theory with the three-dimensional Poincare 
group as gauge group, our parameters represent momenta and angular momenta of han- 
dles and massive particles with spin [Oj. All of the structural properties of the flower 
algebra, the action of the symmetry group G x C°°(G) as well as the transformation 
that decouples the contributions of different punctures and handles, can be expressed in 
terms of these quantities. This allows us to perform concrete calculations and to gain 
insight into their physical interpretation. Similarly, the corresponding quantum algebra is 
given explicitly as a semidirect product of an universal enveloping algebra and an abelian 
algebra of functions, rather than implicitly by a set of generating matrix elements and 
relations as in the combinatorial quantisation formalism. This facilitates the investigation 
of its structure and the study of its representation theory. 

We did not impose the constraint that the holonomies around punctures lie in fixed H- 
conjugacy classes either in the classical or in the quantised flower algebra, mainly for 
technical reasons. Instead, we found that the irreducible representations of the quantised 
flower algebra correspond to the symplectic leaves of the classical flower algebra. Recall 
that the latter are of the form C fllSl x . . . x C flnSn x H 2g , where ^ label G-conjugacy classes 
and Si co-adjoint orbits of associated stabiliser groups. The irreducible representations 
(|3.36j) of the quantised flower algebra are labelled by G-conjugacy classes and irreducible 
representations of associated stabiliser groups. The correspondence between symplectic 
leaves and irreducible representations is thus the familiar correspondence between co- 
adjoint orbits and irreducible representations [3T] which typically holds for quantised 
values of the parameters labelling the co-adjoint orbits. Details depend on the group G 
and seem worth investigating further. In particular, one should be able to obtain the 
representation spaces V^ s of the puncture algebra directly by geometric quantisation of 
the conjugacy classes C^ s . For an approach to the quantisation of closely related spaces 
(T*G)/N via C*-algebras see [32]. 

The quantisation of the flower algebra for Chern-Simons gauge theories with gauge groups 
H = G\kq* constitutes an important step towards the quantisation of the moduli space of 
flat .ff-connections. To obtain a quantisation of the moduli space from this quantisation 
of the flower algebra, one would have to implement the constraint arising from (j2.17|) 
which acts as the infinitesimal generator of the action of the group G x C°°(G). Doing 
this via the Dirac quantisation procedure would amount to determining the subspaces 
of the representation spaces of the flower algebra that are invariant under the action of 
G x C°°(G) or the quantum double D{G). This requires a Clebsch-Gordon analysis of 
tensor product representations of the quantum double D{G). For compact groups G, 
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a general framework for doing this was developed in but explicit calculations of 
Clebsch- Gordon coefficients depend on the particular choice of G. The case G = SU(2) 
was studied in For other groups such as the group G = 50(2,1) occurring in 

(2+l)-dimensional gravity, this remains an open question and possible subject of further 
investigations. 
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